P A G E 1Introduction and HistoryIn 1936, Erd�s and Turan [1] examined sequences of positiveintegers 0<a1<a2<�£N with no arithmetic progression of three terms.They considered how dense such a sequence could be by bounding themaximum number of elements r(N).One result they state, due to Szekeres, is that r Ł� ł�3k˚+˚12

˚‡˚2k.This is obtained by taking the elements ai without a digit 2 in theirternary representations and forming the sequence ai + 1 (to startwith 1 instead of 0).Szekeres� set can also be generated by a �greedy� algorithm.Greedy algorithms are called �greedy� because they generateelements greedily�the next element generated is the lowest numberfound that, in this case, does not form a three element arithmeticprogression. So to generate Szekeres� set, begin with a1=1. Then an,for n‡2, is the next positive integer (i.e. the least integer not yetconsidered) that doesn�t form a progression of 3 elements with anyof the previously found elements. So starting with the first elementa1=1, the second is a2=2, and the third is a3=4 because 3 would formthe arithmetic progression 1,˚2,˚3.Later, Odlyzko and Stanley [3] considered what happened if thegreedy algorithm were applied starting with the third element of theset, with a1=1 and a2 an arbitrary positive integer (instead of 2).Odlyzko computed several thousand elements of the set with a2=5,and found that the density of the set oscillated with peaks andvalleys in geometric progression, rather than falling smoothly.

P A G E 2Szekeres� and Odlyzko�s sets contained no three elementarithmetic progressions, or in other words, they excluded subsets ofthe form {x, x˚+˚y, x˚+˚2y}. Gerver [2] examined Odlyzko�s set andalso considered other sets with different excluded subsets, such as{x, x˚+˚y, x˚+˚3y} and {x, x˚+˚2y, x˚+˚3y}, but still generated by thegreedy algorithm.To talk more easily about sets such as Gerver and Odlyzkoexamined, I abbreviate phrases such as �the set generated by thegreedy algorithm excluding subsets of the form {x, x˚+˚ay, x˚+˚by}�by �the set a,b� or �the a,b set.�The Sets Computed and how they were AnalyzedGerver generated the members of Odlyzko�s set 1,2 and thesets 1,3; 2,3; 3,4; and 3,5 up to 2.5 million and conjectured that thenumber of elements less than n was about �‘‘‘‘‘‘n˚log˚n. In thosesubsets, the peaks were all in geometric ratios and the densities didapproach the conjecture.To further test that conjecture and to apply it to other sets, Iconsider the sets a,b with a˚<˚b˚£˚5, i.e. Odlyzko�s set 1,2 and thesets 1,3; 1,4; 1,5; 2,3; 2,5; 3,4; 3,5; and 4,5. I do not consider the set2,4 because it should differ from 1,2 only when y is odd in thesubset {x, x˚+˚y, x˚+˚2y}, otherwise yielding a very similarstructure. I generated the subsets of these (infinite) sets withelements less than 120 million and analyzed the results*.

* Almost all of the set generation was done on Macintosh IIx computers publiclyavailable to students at Princeton, taking from 3 to 14 hours depending on the setcomputed. The number of elements found varied from 65,000 to 110,000.

P A G E 3Figures 1 through 9 present the nine sets. In each case, I havegraphed with a logarithmic horizontal scale, starting with n=1000and going to 120 million. If the peaks are in geometric progression,they will be evenly spaced along the graph in arithmetic progression.In the bottom graph on each page, I graph the exponent y(n)˚=˚log˚snlog˚n

(i.e. ny(n)˚=˚sn), where sn is the number of elements of the set lessthan n. If Gerver�s conjecture that sn˚fi˚�‘‘‘‘‘‘n˚log˚n is correct, theny(n) should approach 12

˚+˚log˚log˚n2log˚n

, so in the top half of each figure, Igraph y(n)˚-˚log˚log˚n2log˚n

. If the conjectures are correct, the values inthe graph should approach 0.5 and the peaks and valleys should be inarithmetic progression on the logarithmic horizontal scale.The reason I look only at the exponent graphs, instead oflooking directly at the density, is because they are much smootherbut still allow correct determination of the positions of the peaks.In intervals where the density is below average, the exponent willdecrease; if the density is above average, the exponent will increase.So by looking at the points where the exponent begins to decrease, Ican get near the end of a peak in density, and similarly for a valley.And if all I measure is the ratio of peaks, then it doesn�t matterwhere in the cycle I begin as long as I am consistent from cycle tocycle.In addition to the graphing the sets, I also did Fouriertransforms to determine the frequencies (and hence the ratios) ofthe peaks (graphs of the Fourier transforms follow the figures). Itook the whole set, (in a logarithmic scale) scaled to get 500horizontal points, x from 1 to 500, and took f(x) to be the value of

P A G E 4the exponent minus the conjecture (the values in the top graph in thefigures). Then I computed the Fourier coefficients an and bn, andgraphed �‘‘‘‘‘‘‘an2˚+˚bn2. I also did the same thing with the last 1/5 ofthe graphs: scaled to get 500 points, then did the Fourier transformon them; this second transform should avoid the noise from thebeginnings of the sets and should more clearly display the behaviorof the interesting areas at the end (especially in 2,3; 3,4; and 4,5,where there are subpeaks in the graphs).If there is a large coefficient in the first Fourier graph at afrequency of k, then that means there are k wavelengths from 1000to 120,000,000 on the logarithmic scale. There are thus kwavelengths in a factor of 120,000, and so each wave should havepeaks at ratios of s, where sk=120,000, or s=�‘‘‘‘‘‘‘k120,000. In thesecond Fourier graphs (those of the last 1/5 of the subsets Igenerated), a frequency of k corresponds to a frequency of 5k in thefirst (whole set) graphs.Results of the AnalysisThe following table presents a summary of my findings; theyare discussed in more detail below.SetThe ratio ofpeaks measured(see Appendix)The largestfrequencycomponentsoverallThe ratiosgiving thosefrequencies

1,22.52–0.0413252.461.60

P A G E 51,34.1–0.38194.311.85

1,42.2–0.27155.322.18

1,56.3–1.213272.461.54

2,31.72–0.0222441.701.30

2,53.33–0.089193.671.85

3,41.47–0.0131611.461.21

3,51.40–0.01361.38

4,51.347–0.004391.35

The first set I consider is Odlyzko�s set 1,2 with the greedyalgorithm delayed by making the second element a2˚=˚5. When Gervergenerated this set to 2.5 million, he found that four peaks were in aratio of about 2.53, close to Odlyzko�s conjectured value off2˚=˚2.62. However, in my further computation of the set I measureda ratio of 2.52 over the last 11 peaks. From the Fourier transform,the fundamental frequency is around 13, or a ratio of 2.46; a ratio of2.62 would be a frequency of 12, which does not have as high acomponent in the transform.Further evidence against Odlyzko�s conjecture comes from thefact that when his argument is applied to other sets it gives ratiosnowhere near the ratios computed from the sets themselves. Odlyzkoreasoned as follows: since the peaks and valleys are empiricallyfound to be in geometric progressions, assume that the ratio from apeak to the next valley and the ratio from that valley to the nextpeak are both r. Then two peaks and the following valley are in the

P A G E 6ratios 1:r2:r3. If the peaks and valley are in the pattern of theexcluded subset, then the peaks would reinforce the valley. Ingeneral, if the excluded subset {x, x + ay, x + by} is in the pattern1:r2:r3 then r must satisfy a(r3˚-˚r2)˚=˚(b˚-˚a)(r2˚- 1), or dividingout the solution r=1, ar2˚-˚(b˚-˚a)r˚-˚(b˚-˚a)˚=˚0.A closely related alternative is to assume that the excludedsubset is formed by a peak with the second following peak excludingthe next valley, so the ratios would be 1:r4:r5. The correspondingequation is a(r5˚-˚r4)˚=˚(b˚-˚a)(r4˚- 1), or (again dividing out thesolution r=1) ar4 - (b - a)(r3˚+˚r2˚+˚r˚+˚1)˚=˚0. The following tableshows these different equations and the predicted peak ratio r2,computed from the positive root r. From the table we see that thiskind of argument does not work to predict the peak ratios(furthermore, in a brief inspection of other ratios such as 1:r2:r5 Ifound none that were predictive of the ratios found by generating thesets themselves.)setEquationfrom 1:r2:r3peak ratio(r2)Equation from 1:r4:r5peakratio(r2)Actualratio

1,2r2˚-˚r˚-˚1=02.62r4˚-˚(r3˚+˚r2˚+˚r˚+˚1)=03.722.52

1.3r2˚-˚2r˚-˚2=07.46r4˚-˚2(r3˚+˚r2˚+˚r˚+˚1)=08.854.1

1,4r2˚-˚3r˚-˚3=014.37r4˚-˚3(r3˚+˚r2˚+˚r˚+˚1)=015.912.2

1,5r2˚-˚4r˚-˚4=023.31r4˚-˚4(r3˚+˚r2˚+˚r˚+˚1)=024.946.3

2,32r2˚-˚r˚-˚1=012r4˚-˚(r3˚+˚r2˚+˚r˚+˚1)=01.821.72

P A G E 72,52r2˚-˚3r˚-˚3=04.782r4˚-˚3(r3˚+˚r2˚+˚r˚+˚1)=06.053.33

3,43r2˚-˚r˚-˚1=00.593r4˚-˚(r3˚+˚r2˚+˚r˚+˚1)=01.271.47

3,5r2˚-˚2r˚-˚2=01.483r4˚-˚2(r3˚+˚r2˚+˚r˚+˚1)=02.411.40

4,54r2˚-˚r˚-˚1=00.414r4˚-˚(r3˚+˚r2˚+˚r˚+˚1)=011.347

The strongest peak in the Fourier transform is at a frequencyof 13, or a ratio of �‘‘‘‘‘‘13120000˚=2.46. Other strong frequencies seenin the graph are 25 and 47, which are most likely the first and thirdharmonics of the fundamental frequency; because of the wideness ofthe peaks, it is hard to tell exactly where the harmonics should be.On the second Fourier transform graph of the set 1,2, derivedfrom the last 1/5 of the graph at 5 times the resolution, thefundamental frequency is visible at 3 (which would be 15 on thefirst transform graph). The first and third harmonics are atapproximate frequencies of 5 and 8, but no further frequencycomponents (that would have been hidden in high frequency noise onthe other graph) are apparent.In the Fourier transform of the set 1,3 the fundamentalfrequency is obvious at 8. Small frequency peaks are visible at 19and 30, although they could be due to random noise at the beginningof the set. In fact, the Fourier transform of the last section (of thecomputed part) of the 1,3 set shows that the only periodicitypresent in the set is the fundamental frequency around 2. This is,

P A G E 8however, not a well-defined frequency, as can be seen from thewideness of the peak.The set 1,4 itself doesn�t show strong peaks�the exponentgraph is practically a straight line, indicating a rather uniformlydecreasing density. The Fourier transform bears this out in itsuniformity; if there are any real frequency peaks, they are extremelywide. There is, though, one interesting thing about the graph: at afrequency of 13 the Fourier coefficient is very small compared tonearby ones, looking like an absorption line. The last fifth Fouriergraph also shows a smaller coefficient at 3, which might be therepresentation of the absorption line in that graph. But because thecoefficients in that graph are so small compared to other graphs(about 0.1 vs. 0.5), I suggest that all this absorption line shows is arandom factor akin to the error involved in sampling a continuousdistribution. A higher resolution treatment would probably show itto be an artifact.1,5 is a more interesting set. From the graph of the set, thefundamental frequency appears to be about 6, and the Fouriertransform has a peak at 6, albeit a wide one. In the graph of the set,it looks like there are weaker frequencies than 6. The Fouriertransform has a narrow peak at the first harmonic at 13 and a wider(and lower) peak around 27, near the third harmonic of thefundamental frequency.

P A G E 9Moving on to the 2,3 set, from the graph of the set we see thatit has much better defined peaks and a higher frequency than the 1,nsets above. In about the last half of the graph there are evenprominent subpeaks, clearly demonstrating even higher frequencycomponents. From the Fourier coefficient graphs, the fundamentalfrequency of 22 is rather well-defined (the peak is narrow). Thisfirst harmonic at 44 is quite strong, and there are perhaps evenslight peaks at the harmonics at 66 and 87.These harmonics are also visible in the Fourier transformgraph of the last 1/5 of the set. It has coefficient peaks around 4, 9,and 22, which would be 20, 45, and 110 when scaled to the largerfirst transform graph. Because these are all harmonics of thefundamental frequency, the structure of the peaks is probably againdue to the fundamental frequency and its harmonics.The 2,5 set has the strangest looking peaks of any of the sets�wide peaks with two subpeaks each. The Fourier transform has peaksat 9, 11, 19, and 29, with 29 being very spread out. These peaks alsoappear as the peaks at 2, 4, and 6 in the transform of the last 1/5 ofthe generated subset. This set, with frequencies 9 and 11, is one ofthe two I found with strong frequencies that aren�t all harmonics (orvery nearly so) of one fundamental frequency (the other is the 3,4set below).

P A G E 103,4 has a high fundamental frequency of 31, but unlike the 2,3set, the higher harmonics appear weak in the whole subset Fouriertransform; only the first harmonic shows up at all (at 61). Butbecause the peaks break into subpeaks towards the end, the Fouriertransform of the end of the graph shows more strong frequencies. Ithas the highest coefficient at a frequency of 6 (which is the 31 peakon the other transform), and harmonics at frequencies of 12 and 18.The frequencies of 33, 39, and 45 are also especially strong onthe end transform graph. Yet they are nowhere near being integermultiples of the fundamental frequency of 6; instead they areclosest to 512

, 612, and 712 times the frequency, half integer multiplesof it.Frequencies for the 3,5 set Fourier transform are quite spreadout; there is only a relatively small peak at the frequency of 36; thisis the frequency of the peaks that only begin to be visible around500,000. This peak is much more evident in the Fourier transform ofthe end of my subset, where it appears at 7 with the first harmonicvery weak at 14.Finally, the 4,5 set has, like 2,3 and 3,4, a finer structurevisible at the end of the subset I generated. Also like those sets, ithas a high fundamental frequency, 39 (8 on the end 1/5 graph). Thefiner structure shows up as higher frequency harmonics around 15,23, 53, and 60 on the second graph.

P A G E 11Analysis of the �‘‘‘‘‘‘‘n˚log˚n density conjectureIf Gerver�s conjecture about the density is correct, then thetop graphs in figures 1 through 9 should all have their bases around.5, or should at least be heading that way. Odlyzko�s 1,2 set fits theconjecture very well, with the valleys already having exponentsaround .503.The other sets� density exponents are all above .5 anddecreasing, but it is hard to tell if they are approaching .5 or anotherlimit, or if they will continue to fall towards zero. The exponentsthemselves (bottom graphs) all appear to be levelling off. Perhapsfurther computation of the sets or a different theoretical approachcan help decide Gerver�s conjecture.

References1. Paul Erd�s and Paul Turan, �On Some Sequences of Integers,�Journal of the London Mathematical Society, v. 11 (1936), pp. 261—264.2. Joseph Gerver, �Irregular Sets of Integers Generated by theGreedy Algorithm,� Mathematics of Computation, v. 40 (1983), pp.667—676.3. A. M. Odlyzko and R. P. Stanley, unpublished Bell Laboratoriesreport, cited in Gerver [2].